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Abstract: We obtained in detail the energy spectra of the shifted Tietz potential using factorization method within the
framework of non-relativistic quantum mechanics. With this energy, the thermodynamic properties of the electronic state
of 33Rþg of Cs2 diatomic molecules are obtained using exact and Poisson summation formalism for the shifted Tietz
potential, with adjustable parameter (optimization) appearing in the shifted Tietz potential function ranging from Ch ¼
 1
5
;  1
8
and  1
4
respectively. Free energy F, internal energy U, entropy S and specific heat C are also calculated. In each
case, the exact and Poisson summation states are plotted for the electronic state 33Rþg of Cs2 diatomic molecules with
various optimization parameters.
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1. Introduction
The distribution function needed in statistical mechanics to
determine the thermodynamic properties of any physical
system is the partition function [1, 2]. Different techniques
have been developed by many researchers in finding par-
tition function of some systems. These methods include
exact method [3], semi-classical expansion method [4],
Pade method [5], Poisson summation method [6] and
Wigner–Kirkwood formulation [7]. Analytical expression
for the partition function of Morse oscillators had been
obtained by Strekalov [8]. Strekalov [9–11] had also
derived a simple analytical formula for the partition func-
tion and other related works. The thermodynamic proper-
ties of modified Rosen–Morse had been solved using
proper quantization rule formulation [12]. Onyewumi et al.
[13] reported on the thermodynamic properties of the
shifted Deng–Fan potential. Also, Lutfuoglu studied the
thermodynamics properties of a confined nucleon for dif-
ferent physical systems [14]. Ikdair and Falaye reported on
the thermodynamic properties with Poschl–Teller potential
[15]. It is well known that knowing the maximum numbers
of vibrational and rotational states are the necessary con-
ditions needed to evaluate the partition function for the
vibrational and rotational states of diatomic molecules
[16]. The partition functions have applications in partially
ionized and dissociated gas of stellar atmosphere [17].
Furthermore, Song et al. [18] studied the thermodynamic
properties of sodium dimer with Rosen–Morse potential
and Jia et al. [19] investigated the thermodynamic prop-
erties of lithium dimer with improved Manning–Rosen
potential model. In a similar development, Jia et al. [20],
on the other hand, obtain the partition function for
improved Tietz oscillators.
In this present paper, we are motivated by the current
trend in the study of the thermodynamic properties of some
diatomic molecules and attempt to obtain the rotational–
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vibrational energy spectrum for shifted Tietz potential
model via factorization method [21] and subsequently
obtain an expression for the partition function in terms of
exact and Poisson summation methods. Other thermody-
namic properties for the diatomic molecules will then be
calculated using the expression for the partition function.
2. Shifted Tietz–Wei potential and bound state
solutions
The shifted Tietz–Wei potential model is given as [22]:
VðrÞ ¼ De Ae
bhðrreÞ  Be2bhðrreÞ
1 ChebhðrreÞð Þ2
" #
; ð1Þ
where De is the potential well depth,
A ¼ 2 Ch  1ð Þ; B ¼ C2h  1
 
, Ch is the optimization
parameter, re is the molecular bond length, r is the inter-
nuclear distance, bh ¼ c 1 Chð Þ, and c is the Morse con-
stant. This shifted Tietz–Wei potential is the modification
of the conventional Tietz–Wei potential.
The radial part of the Schrodinger equation with a
central force potential VðrÞ reads [23],
d2wmJ
dr2
þ 2l
h2
EmJ  VðrÞ  J J þ 1ð Þh
2
2lr2
 
wmJðrÞ ¼ 0 ð2Þ
where l is the reduced mass of a diatomic molecule, EmJ is
the rotational–vibrational energy of the diatomic mole-
cules, h denotes the reduced Planck constant, and m and J
represent the vibrational and rotational quantum numbers,
respectively.
Substituting Eq. (1) into Eq. (2) yields,
d2wmJ
dr2
þ 2l
h2
EmJ  De Ae
bhðrreÞ  Be2bhðrreÞ
1 ChebhðrreÞð Þ2
 ! 
 J J þ 1ð Þh
2
2lr2

wmJðrÞ ¼ 0
ð3Þ
In order to solve Eq. (3) analytically for ‘ 6¼ 0; we apply
Pekeris approximation to get rid of the centrifugal barrier
as [24]:
‘ð‘þ 1Þ
r2
 ‘ð‘þ 1Þ
r2e
D0 þ D1 e
ax
1 Cheax þ D2
e2ax
1 Cheaxð Þ2
 !
;
ð4Þ
where a ¼ bhre; x ¼ rrere ; and the parameters D0, D1 and
D2 in the approximation are given as
D0 ¼ 1þ 1 Chð Þ
bhre
3
bhre
1 Chð Þ  3þ Chð Þ
 
; ð5Þ
D1 ¼ 2
bhre
1 Chð Þ2 2þ Chð Þ  3
bhre
1 Chð Þ
 
; ð6Þ
D2 ¼ 1 Chð Þ
3
bhre
3
bhre
1 Chð Þ  1þ Chð Þ
 
: ð7Þ
Inserting Eq. (4) into Eq. (3) and introducing a new
variable y ¼ 1 Chearð Þ1, we get
y 1 yð Þ d
2wmJ
dy2
þ 1 2yð Þ dwmJ
dy
þ P en
y 1 yð Þ þ
Q
y
 
wmJðyÞ
¼ 0 ð8Þ
where
en ¼  2lEmJ
h2b2h
 JðJ þ 1ÞD0
r2eb
2
h
 !
; ð9aÞ
P ¼ 2lDe
h2b2hC
2
h
A B
Ch
 
þ JðJ þ 1Þ
b2hr
2
eCh
D1 þ D2
Ch
 
; ð9bÞ
Q1 ¼ 2lDeB
h2b2hC
2
h
 JðJ þ 1ÞD2
b2hr
2
eCh
ð9cÞ
By taking the wave function of the form, wmJðyÞ ¼
yk 1 yð ÞdfmJðyÞ reduced Eq. (8) into the following form,
y 1 yð Þf 00ðyÞ þ 1þ 2k 2þ 2dþ 2kð Þy½ f 0ðyÞ
 kþ dþ 1
2

ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
4
 P
r !
kþ dþ 1
2
þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
4
 P
r !
f ðyÞ
þ k
2 þQ1  en
yð1 yÞ þ
d2  k2 Q1
ð1 yÞ
 
f ðyÞ ¼ 0
ð10Þ
Equation (10) can be reduced to a Gauss
hypergeometric equation if and only if the following
functions vanished,
d2  k2  Q1 ¼ 0 ð11Þ
k2 þ Q1  en ¼ 0 ð12Þ
Therefore, Eq. (10) becomes,
yð1 yÞf 00 þ ð1þ 2k 2kþ 2dþ 2ð ÞyÞf 0
 kþ dþ 1
2

ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
4
 P
r !
kþ dþ 1
2
þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
4
 P
r !
f ðyÞ
¼ 0
ð13Þ
The solution of Eq. (13) can now be expressed as,
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f ðyÞ ¼ 2F1 kþ dþ 1
2

ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
4
 P
r
; kþ dþ 1
2
þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
4
 P
r
; 1þ 2k; y
 !
ð14Þ
where the hypergeometric function in Eq. (14) turns to a
polynomial of degree n as
kþ dþ 1
2

ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
4
 P
r
¼ n ð15Þ
kþ dþ 1
2
þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
4
 P
r
¼ n ð16Þ
with n ¼ 0; 1; 2. . .
The implications of these quantization conditions are
that the wave function in Eq. (14) may be made to vanish
asymptotically under certain conditions. Now using the
quantization condition, kþ dþ 1
2

ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
4
 P
q
¼ n, and
imposing Eqs. (11) and (12), we get
kþ d ¼  nþ 1
2

ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
4
 P
r !
ð17Þ
k d ¼ Q1
nþ 1
2

ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
4
 P
q	 
 ð18Þ
Solving Eqs. (17) and (18) for k and d, we obtain
k ¼ 1
2
Q1
nþ 1
2

ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
4
 P
q	 
 nþ 1
2

ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
4
 P
r !0B@
1
CA;
ð19Þ
d ¼  1
2
Q1
nþ 1
2

ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
4
 P
q	 
þ nþ 1
2

ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
4
 P
r !0B@
1
CA
ð20Þ
Thus, by virtue of Eqs. (9) and (12) and with the help of
Eq. (20), we obtain the energy spectrum equation for the
shifted Tietz potential as,
EmJ ¼ Q2  h
2a2
8l
Q1
nþ rð Þ þ nþ rð Þ
 2
ð21Þ
where
r ¼ 1
2

ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
4
 2lDe
h2b2hC
2
h
A B
Ch
 
þ JðJ þ 1Þ
b2hr
2
eCh
D1 þ D2
Ch
  !vuut
0
@
1
A
Q2 ¼ JðJ þ 1Þh
2D0
2lr2e
ð22Þ
3. Partition function and thermodynamic properties
3.1. Exact partition function
The exact vibrational partition function for the shifted Tietz
model is given as [25, 26],
ZvibðbÞ ¼
Xg
n¼0
ebEnl ; b ¼ 1
kT
ð23Þ
where g ¼  rþ ﬃﬃﬃﬃﬃﬃQ1p  ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃQ1  Q2p , k is the Boltzmann
constant, and T is the absolute temperature. Substituting
Eq. (21) into Eq. (23), we obtain the partition function for
the potential model as,
ZvibðbÞ ¼
Xg
n¼0
e
Abþ bB
nþrð Þ2þbC nþrð Þ
2
ð24Þ
where
A ¼ 2h
2a2
m
Q2
2
 Q1
 
; B ¼ h
2a2Q22
2m
; C ¼ h
2a2
2m
ð25Þ
In the classical limit, we can replace the sum by an
integral as,
ZvibðbÞ¼
Zg
0
e
AbþbB
q2
þbCq2
dq; q¼ nþr
¼ 1
2
ebCq
2þbA ﬃﬃﬃﬃﬃﬃbBp 2ge
B
g2ﬃﬃﬃﬃﬃﬃ
bB
p 
2
ﬃﬃﬃﬃﬃﬃ
bB
p ﬃﬃﬃ
p
p
erfi
ﬃﬃﬃﬃ
bB
p
g
 
ﬃﬃﬃﬃﬃﬃ
bB
p 2 ﬃﬃﬃpp
2
664
3
775
ð26Þ
where erfiðxÞ is the imaginary error function defined as
[27, 28],
erfiðxÞ ¼  ierfðixÞ ¼ 2ﬃﬃﬃ
p
p
Zx
0
et
2
dt ð27Þ
It is worth noting that erfðxÞ denotes the error function
which is a special function of sigmoid shape [27]. In Maple
software, the imaginary error function is given as erfiðxÞ
and can be used in many numerical calculations.
3.2. Poisson summation partition function
The total contribution of the bound state to the rotational–
vibrational partition function of a diatomic molecule at
temperature T can be written as,
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Z bð Þ ¼
Xmmax
m¼0
ebEn;J ð28Þ
where b ¼ kBTð Þ1 with kB being the Boltzmann constant
and Em;J is the rotational–vibrational energy of the mth
bound state. Substituting Eq. (21) into Eq. (27) gives,
Z bð Þ ¼
Xmmax
m¼0
e
b Q2h2a22l
Q1
2 mþrð Þþmþr2
	 
2 
ð29Þ
where
mmax ¼
ﬃﬃﬃﬃﬃﬃ
Q1
p
 1
2
1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 4P
p	 

ð30Þ
In order to evaluate the partition function of Eq. (29),
we write the Poisson summation formula as
[2, 8–11, 18–20],
Xmmax
m¼0
f ðnÞ ¼ 1
2
f 0ð Þ  f mmax þ 1ð Þ½ 
þ
X1
m¼1
Z mmaxþ1
0
f ðxÞei2pmxdx ð31Þ
However, for the lowest order approximation the
Poisson summation formula becomes [8–11, 18–20],
Xmmax
m¼0
f ðnÞ ¼ 1
2
f 0ð Þ  f mmax þ 1ð Þ½  þ
Z mmaxþ1
0
f ðxÞdx ð32Þ
Applying Eq. (32) for the partition function of Eq. (29),
we get
Z bð Þ ¼ 1
2
eb Q2p1p
2
2ð Þ  eb Q2p1p23ð Þ þ
Z mmax
0
e
abbb
q2
cbq2	 

dq
 
ð33Þ
where
p1 ¼ h
2a2
2l
; p2 ¼ Q1
2mmax
þ mmax
2
 
; p3 ¼ Q1
2ðmmax þ 1þ rÞ

þðmmax þ 1þ rÞ
2

;
q ¼xþ r; a ¼ h
2a2Q21
4l
 Q2; b ¼ h
2a2Q21
8l
; c ¼ h
2a2
4l
ð34Þ
Evaluating the integral in Eq. (33), we obtain the
Poisson summation rotational–vibrational partition
function for the diatomic molecules with shifted Tietz
model as,
Z bð Þ ¼ 1
2
eb Q2p1p
2
2ð Þ  eb Q2p1p23ð Þ
h
þecbq2ab
ﬃﬃﬃﬃﬃ
bb
p 2mmaxe bbm2maxﬃﬃﬃﬃﬃ
bb
p þ
2
ﬃﬃﬃﬃﬃﬃﬃﬃ
bpb
p
erf
ﬃﬃﬃﬃ
bb
p
mmax
 
ﬃﬃﬃﬃﬃ
bb
p  2 ﬃﬃﬃpp
0
BB@
1
CCA
3
775
ð35Þ
4. Results and discussion
In this paper, we consider the electronic state of the
Cs2 3
3Rþg
	 

molecules using the exact partition function of
Eq. (26) and that of the Poisson summation partition
function of Eq. (35). The experimental values of the 33Rþg
states of Cs2 dimer are taken from Ref. [28]:
De ¼ 2722:28 cm1; re ¼ 5:3474208 A˚ and
xe ¼ 28:8918 cm1. Taking these experimental data as
inputs, we compute the exact and Poisson summation
partition functions for the Cs2 dimer as given in Figs. 1, 2,
3, 4, 5 and 6 for different values of the optimization
parameter Ch at maximum bound state values of g ¼
mmax ¼ 25 in each case. For each case in Figs. 1, 2, 3, 4, 5
and 6, it is found that the Poisson and exact partition
functions Z increase monotonically as b is increased except
in Fig. 3 where the exact and Poisson summation partition
functions decrease monotonically with increasing b.
Also using these same experimental data as our input,
we plotted the vibrational mean internal energy U,
Fig. 1 Plot of the Poisson summation and exact partition functions as
a function of b at g ¼ mmax ¼ 25 given in Eqs. (26) and (33) for the
electronic state of Cs2 3
3Rþg
	 

molecules with shifted Tietz potential
where the optimization parameter value of Ch ¼ 15 is used
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vibrational mean free energy F, vibrational specific heat
capacity C and vibrational entropy for the 33Rþg states of
Cs2 for upper bound vibration quantum number mmax ¼ 25
as a function of b with different optimization parameters
Ch in Figs. 7, 8, 9, 10, 11, 12, 13, 14 and 15. In Figs. 7, 8
and 9, the vibrational mean energy U monotonically
decreases with increasing b parameter at a maximum
quantum number of g ¼ vmax ¼ 25: Interestingly, in Fig. 8,
the exact mean free energy decreases with an increase in b,
whereas the Poisson mean free energy initially decreases
Fig. 2 Plot of the Poisson summation and exact partition functions as
a function of b at g ¼ mmax ¼ 25 given in Eqs. (26) and (33) for the
electronic state of Cs2 3
3Rþg
	 

molecules with shifted Tietz potential
where the optimization parameter value of Ch ¼ 18 is used
Fig. 3 Plot of the Poisson summation and exact partition functions as
a function of b at g ¼ mmax ¼ 25 given in Eqs. (26) and (33) for the
electronic state of the Cs2 3
3Rþg
	 

molecules with shifted Tietz
potential where the optimization parameter value of Ch ¼ 14 is used
Fig. 4 Plot of the Poisson summation and exact partition functions as
a function of b at g ¼ mmax ¼ 25 given in Eqs. (26) and (33) for the
electronic state of the Cs2 3
3Rþg
	 

molecules with shifted Tietz
potential where the optimization parameter value of Ch ¼  15 is used
Fig. 5 Plot of the Poisson summation and exact partition functions as
a function of b at g ¼ mmax ¼ 25 given in Eqs. (26) and (33) for the
electronic state of the Cs2 3
3Rþg
	 

molecules with shifted Tietz
potential where the optimization parameter value of Ch ¼  18 is used
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with an increase in b and thereafter increases with
increasing b parameter at Ch ¼  15. Also, at the opti-
mization parameter values of Ch ¼  18 the Poisson mean
energy deceases more rapidly with increasing b parameter
than the exact mean energy as shown in Fig. 9. As shown
in Figs. 10 and 11, the free energy F decreases
monotonically with increasing b parameter for each case of
exact and Poisson summation. In Fig. 10, the free energy
coincides for exact and Poisson summation for different
values of the optimization parameter. But when the opti-
mization parameters are fixed at Ch ¼ 18, then there is a
clear distinction between the exact and Poisson summation
free energies as shown in Fig. 11. The plots of the specific
heat are shown in Figs. 12 and 13. The specific heat C in
Fig. 6 Plot of the Poisson summation and exact partition functions as
a function of b at g ¼ mmax ¼ 25 given in Eqs. (26) and (33) for the
electronic state of the Cs2 3
3Rþg
	 

molecules with shifted Tietz
potential where the optimization parameter value of Ch ¼  14 is used
Fig. 7 Vibrational mean energy function as a function of b at g ¼
mmax ¼ 25 with the optimization parameter value of Ch ¼ 14
Fig. 8 Vibrational mean energy function as a function of b at g ¼
mmax ¼ 25 with the optimization parameter value of Ch ¼  15
Fig. 9 Vibrational mean energy as a function of b at g ¼ mmax ¼ 25
with the optimization parameter value of Ch ¼ 18
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each case decreases with an increase in b except in Fig. 12.
In Fig. 12, the exact specific heat decreases with increasing
b parameter, whereas the Poisson specific heat first
decreases with an increase in b and thereafter increases
with increasing b parameter. The plots of the exact and
Poisson entropies are shown in Figs. 14 and 15. As shown
in Figs. 14 and 15, the entropy S monotonically decreases
with increasing b parameter.
(1) The vibrational mean energy U
UðbÞ ¼  o‘nZ bð Þ
ob
ð36Þ
(2) Vibrational mean free energy F
Fig. 10 Vibrational free energy as a function of b at g ¼ mmax ¼ 25
with the optimization parameter value of Ch ¼ 14
Fig. 11 Vibrational free energy as a function of b at g ¼ mmax ¼ 25
with the optimization parameter value of Ch ¼ 18
Fig. 12 Vibrational specific heat as a function of b at g ¼ mmax ¼ 25
with the optimization parameter value of Ch ¼  15
Fig. 13 Vibrational specific heat as a function of b at g ¼ mmax ¼ 25
with the optimization parameter value of Ch ¼ 18
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F ¼  1
b
‘nZ bð Þ ð37Þ
(3) Vibrational specific heat capacity C
C ¼ oU
oT
¼  kb2 oUðbÞ
ob
ð38Þ
(4) Vibrational entropy S
S ¼ k‘nZ bð Þ  kb o
ob
‘nZ bð Þ ð39Þ
5. Conclusions
In this paper, we solved the non-relativistic Schro¨dinger
equation with shifted Tietz potential within the framework
of factorization method and obtain the energy spectra in a
closed form. In detail, we evaluated the exact and Poisson
summation vibrational partition functions Z which we used
to study the thermodynamics properties of vibrational
mean energy U, vibrational entropy S, vibrational mean
free energy F and vibrational specific heat capacity C, for
the electronic state of 33Rþg
	 

of Cs2 dimer. The plots of
the exact and Poisson summation partition functions and
other behaviours of the thermodynamic functions as a
function of temperature b with a fixed upper bound
vibration quantum number mmax ¼ g ¼ 25 for the electronic
state 33Rþg of Cs2 dimer are shown in Figs. 1, 2, 3, 4, 5, 6,
7, 8, 9, 10, 11, 12, 13, 14 and 15. This study can find many
other applications in statistical and molecular physics
[29–38].
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